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PLATE 33- 
When  taking  records with  the  micrograph 1 it  was observed that 
in  some  instruments  the  direction  of  motion  of  the  interference' 
bands  of light  for an  increase  of  air  pressure  was  opposite to, the 
direction  of  motion  in  other  instruments.  In  some  the  diameters 
of the  circular  bands  contracted  as the  two interference  plates  ap- 
proached  each  other,  while  in  others  they  expanded.  Ordinary 
spectacle lenses were used, and the  facts are explained  by supposing 
that  the  surfaces  were  curved  instead  of  being  plane.  It  will  be 
shown that  there  is  a  critical  value  of  the  curvature  of  the  inter- 
ference surfaces, and when the curvature is greater than the critical 
value, the bands move in one direction,  but when less, they move in 
the  opposite direction. 
A  photograph  of interference  bands  formed  between two pieces 
of  plate  glass  (eight  by  ten  inches),  the  upper  resting  upon  the 
lower by its own weight,  is reproduced  in  figure  I,  and  shows two 
characteristic  kinds  of  areas  that  usually  appear  when  two  pieces 
of  common  glass  are  placed  together.  The  first  kind  of  area,  A. 
is  surrounded  by bands  in closed curves,  which  often  approximate 
an  elliptical  shape.  The  second  kind  of  area,  B,  is  characterized 
* Received for publication, July lO, I9II. 
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by  there  being  no  bands  surrounding  it,  each  band  radiating  off 
indefinitely, and  by the  system of bands  resembling pairs  of  con- 
jugate  hyperbolae. 
Each  of  these two  classes  of  areas  has  another  distinguishing 
feature  which  is  not  manifest  when  the  plates  are  at  rest.  As 
the two plates  are pressed  more firmly together the whole system 
E 
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TEXT-FIG. I.  Diagrammatical representation of two  accurately paraltel glass 
plates  showing the path of  light from the  source  to  the eye  at  E. 
of bands moves,  and those surrounding the area,  A, may contract 
or  they may expand  as  the  plates  approach  each  other.  If  they 
contract, we may call the curvature of the plates at this point posi- 
tive,  and  if  they  expand,  negative.  Assuming  the  area  A  to  be 
positive,  it  is  evident  from  the  photograph  that  the  hyperbolic 
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while the pair above and  below approach  each  other.  The  reverse 
would be true at B  if the area A  had  a  negative curvature. 
Consider  the  case  of  two  plates  of  glass  which  are  exactly  parallel,  as  in 
text-figure I.  The plates may be imagined to be infinite in extent, and the source 
of  illumination  to  be pure  monochromatic  light  uniformly  distributed  over  the 
whole upper  hemisphere.  Let  the  observer's  eye be  located  at  E,  a  distance,  p, 
above the interference  surfaces.  The observer looking at  any point, P, of these 
surfaces  sees  light  by  reflection  from  one  point  of  the  source  only.  Whether 
or  not  there  is  destructive  interference  at  this  point  P  may  be  determined  by 
the  formula : 
nX 
cos/~ =  --.  (  x  ) 
2/ze 
R ~  angle of refraction  ~  PP'U ~  PE'O. 
n ~  any integer. 
), ~wave-l~ngth  of light. 
/~-refractive index of the material of thc plate. 
e ~thickness of the air between the two glass  plates. 
If the equation is satisfied  at the point P, there will  be total  interference, 
and a dark band will  appear at this  part of the plates. From  symmetry the 
same values obtain at all points on the circumference of a circle  with 0  as 
center and OP as radius. 
As  the point P  approaches the point O,  the angle  R  decreases  and  its 
cosine increases,  and since  all the quantities  in thc right  hand member of the 
equation are constant for a given plate  and light  source, except n, which is any 
integer,  the equation will not be satisfied  again as P  approaches 0  until  cos R 
has increased sufficiently  to admit a value of n one unit  greater than it had at 
P.  The next consecutive band, therefore, corresponding io a value of n one 
unit greater,  appears as a circle  with OPt,  less  than OP, as radius. The system 
of bands seen by the observer at E, therefore, consists  of a set of concentric 
circles centered at O, which extend from an infinite  distance,  where R~9o  °, 
cos R ~  o, and n ----  o, to the cen,ter,  O, where R----  o, cos R -----  I, and therefore, 
.0: 2-x~-.  (2) 
Since  the  thin  plate  is  in  this  case  supposed  to  be  air,  ~  T,  and 
2 
n o :  -~ e.  (3) 
The  total number  of bands,  no, constituting the  system  is,  therefore,  propor- 
tional  to the thickness  of the plate.  When  this thickness,  e, is  equal to  one half 
wave-length of the light, there is but one band  in the whole field, and  in general 
the  total  number  of  bands  composing  the  system  is  equal  to  the  number  of 
half wave-lengths of light in the thickness  of the plate. 360  Distribution  of  Interference  Bands  of  Light. 
The  set  of  curves  shown  in  text-figure  2  is  obtained  from  equation  (I)  by 
putting/z =  I,  and  writing, 
/? =  c°s-  1  --.nX  (4) 
2e 
The abscissae give the angles, R, from 0 °  to 90  °,  and the ordinates the thickness 
of plate,  e,  in half wave-lengths  of  light  for  successive  values  of  the  integer n, 
from  n~---o,  to  n~20.  The  set  of  curves  well  illustrates  the  effects  produced 
by  separating or  approximating the two plates; that is,  changing the value of  e. 
TExT-FIG.  2.  A  series  of  curves  representing  the  required  curvature  of  the 
upper interference surface, the lower being plane,  to produce total interference or 
darkness  over  its  entire  area  for  any  given  value  of  the  integer  n,  the  curves 
being  given  for  all  values  of  n  from  0  to  20.  The  curves  JK  indicate  the 
diameters of  the circles  of  the  first  ring, counting  from  the  center outward  just 
as  the central  ring is  appearing  or  disappearing. 
If  a  horizontal  line  is  drawn  at  a  fixed  height,  say  where  e =  16  half  wave- 
lengths,  this  line  is  tangent  to  the  sixteenth  curve  at  O,  and  cuts  the  lower 
curves successively at the points P~5, PI,, P18, etc.,  indicating that with  a  plate  of 
thickness  sixteen,  the  sixteenth  band  is  just  appearing at the center, O, when  the 
fifteenth,  fourteenth, thirteenth, etc.  bands have  radii  equal  to  OPt, OPt4, OPt,, 
etc.,  or about 2I °,  28.5 °,  etc.  If the upper  plate  is  raised  and  the  lower remains 
stationary,  the  effect  on  the  bands  is  seen  by  raising  the  horizontal  line.  It Albert O. Orehore.  861 
becomes  tangent  to  and  then  cuts  successively  the  curves  corresponding  to 
increasing values  of  n,  and  the two  points  of intersection  of  this  line with  any 
given curve recede  from  each  other,  indicating  expanding  bands,  or, vice versa, 
contracting  bands,  for  an  approximation  of  the  parallel  plates.  Parallel  plates 
would,  therefore, give a  positive instead  of a  negative area  at ,4, figure  I. 
Suppose  the  lower  plate  remains  plane,  and  the  upper  becomes  curved-- 
convex  toward  the  plane  plate---and  is  raised  at  the  same  time  and  made  to 
coincide in  its  upward  motion  successively with  the  curves  in  text-figure  2;  in 
such  a  case the whole  surface would become dark  each time a  curve is passed  in 
its  upward  course,  because  every point of this  surface  satisfies  equation  (4)  for 
some value of n. 
Imagine a  plane surface,  say at the height e~-~6,  to be gradually bent  from 
its  plane,  as  OQ, until  it comes  into  coincidence with  the  curve  OS.  Evidently 
the sixteenth band  at the common point of tangency,  O, will remain undisturbed, 
and  the  fifteenth  band  will  recede  or  expand  as  the  point  T  advances  until  it 
passes  entirely off the plate.  If the bending of the surface he continued beyond 
the  curve  OS to  some position  as  OU, then,  the  seventeenth  band  appears  at  an 
infinite  distance  and  advances  to  the  point  V.  This  curve,  OU,  shows  at  a 
glance that  the point  V  approaches  O  as  the plate  is  separated  more  and  more 
from the plane  plate  below;  that  is, the whole  system  of  circular bands  in  this 
case contracts  with a  separation  of, and  expands  with an  approach  of the plates. 
We have called such  a  system  of bands  negative when  referring to  figure  I. 
On the  other  hand,  before  the  plate  is  bent  sufficiently to  coincide  with  the 
curve  OS,  as  at  OQ  for  example,  it  is  evident  that  the  point  T  recedes  as  the 
plate  is  raised,  showing  expanding  bands  for  a  separation  of  the  plates.  This 
corresponds  to  a  positive curvature,  as  above  defined. 
The  curve  OS  has,  therefore,  a  critical  radius  of  curvature  because  the 
direction  of  motion  of  the  bands  for  approaching  plates  changes  sign  from 
contraction  to  expansion.  To  find  the  radius  of  curvature  at  the  center,  O,  of 
the  upper  plate,  equation  (4)  may  be  expressed  in  terms  of  the  radii,  OP--~ x, 
along  the  plate,  and  the  length  of  the  perpendicular,  p,  from  the  eye  to  the 
plate,  thus, 
:  _  k  x~ =  x.  (S) 
n~2  p~ 
In  the  following, the  thickness  of  the  upper  glass  plate  is  considered  to  be 
small  as  compared  to  the  distance,  p,  from  the  eye  to  ihe  plate,  so  that  p  is 
practically constant  for all positions  of the point P.  Considering e  and  x  to be 
the variables  and  all other quantities  constant,  equation  (5)  represents  an  hyper- 
bola  with  semi-major  axis  a~nX/2,  and  semi-minor  axis  b~p.  Since  the 
radius  of curvature  at  the  apex  of  an  hyperbola,  corresponding  to  the  point  0, 
is R ~  bVa,  we have 
R  2p~  =-~.  (6) 
The set of curves  in text~gure 3 is obtained  from (5) by assuming the distance 
from the eye to the plate,  p, as 3o cms.  One hyperbola  is  drawn  for each value 362  Distribution  of  Interference  Bands  of  Light. 
of  n  from o  to  20  as  in text-figure  2.  The  curve ]1<2 gives  the  radius  in  centi- 
meters of the first band when counting in the reverse  order  from the center out- 
ward, and shows that with parallel plates the diameter of the first band dimin,ishes 
as  the plates  separate.  Substituting p---~ 30  cms., the  radius  of  curvature  in  (6) 
becomes, 
/t' --  18oo 
--  nX  " 
Assuming that the wave-length of the particular light used is 40.47 X  IO-"  cms., 
TExT-Fro.  3.  This set  of curves is similar to that in text-figure 2  except that 
the  distance p  from  the  eye to the plate  (see  text-figure  I)  is  assumed  to  be  30 
cms.,  and the  abscissae are  given in centimeters  instead  of  in terms of  the  angle 
R  in  degrees. 
we  have  the  following  critical  radii  of  curvature  for  the  corresponding  values 
of n: 
n  R 
I  445.  kilometers 
Io  44.5  kilometers 
IOO  4.45  kilometers 
iooo  0.445  kilometers Albert  C.  Crehore.  363 
X 
Since  by  (4),  at  the  origin  of  the  curves  where  x=o,  we  have  eo=n~, 
the  values  of  n  above  signify  the  number  of  half  wave-lengths'  thickness  of 
the plate at the center,  O.  In the last case  where n =  IOOO, the separation of the 
plates  is  about  four  tenths of  a  millimeter when  the critical  radius  of curvature 
is nearly half a  kilometer. 
The same equation  (5)  may be expressed in a  different way, giving the set of 
curves in text-figure 4 by considering the thickness of the plate,  e, to remain con- 
TExT-FIG.  4.  A  series  of twenty curves,  each  showing the law  of increase in 
the  radius  of  successive  circular  interference  bands  for  a  given  thickness  of 
plate e; the several curves corresponding to plates  from o to 2o half wave-lengths 
of light in thickness. 
stant  while  the  variables  are  x  and  n.  The  transformed  equation  may  be 
written, 
14e"  x 
X:2~  ~  -- I  (7) 
and  represents an equation of the  fourth  degree  for these variables. 
In  general,  when  two  plates  of  glass  are  superposed  to  produce  bands  as  in 
figure  x,  there  appear  two  kinds  of  critical  points  or  areas,  the  elliptical  and 
the  hyperbolic,  as  at  A  and  B  respectively.  The  elliptical  kind  may  be  either 
positive  or  negative,  and  the  surface  for  either  positive  or  negative  has  a 364  Distribution of Interference Bands of Light. 
definite  radius  of  curvature.  The  case  when  the  two  surfaces  are  concave  to 
each  other  and  the  center  is  a  point  of  maximum  separation  would  be  a  case 
of  positive  area;  when  the  surfaces  are  more  convex  to  each  other  than  the 
critical  value,  the  center  is  a  point  of  minimum  separation  and  the  area  is 
negative. 
The  second class  of  critical  area,  B,  differs  from .4  in there  being neither  a 
maximum  nor  a  minimum point,  but  a  critical  point  of  flexure.  The  two  lines 
taking  the  direction  of  the  asymptotes  to  the  hyperbolae  are  approximately 
parallel with the lower plate, and the curvature  of the surfaces  between the two 
asymptotes  on  opposite  sides  of  the  center  is  of  the  same  kind,  both  being 
either positive  or  negative.  The  curvature  on  adjacent  sides  of  one  asymptote 
is  opposite,  being positive on  one  side  and  negative  on  the  other.  The  asymp- 
totes  are  themselves the loci  of points  having a  maximum  gradient,  the  surface 
angle with  the  parallel  plate  being here  a  maximum. 
TWO  SOURCES  OF  LIGHT. 
There  is  another  interesting  effect  seen  in  the  photograph,  figure  I.  The 
bands P1,  P2,  P3  appear not to be focused  as  sharply as  the other bands.  These 
blurred bands  occur  at  regular  intervals  of  thirteen bands  apart.  The  explana- 
tion  is  that the picture  was  not  taken  with  pure  monochromatic light,  but  with 
a  mercury  vapor  lamp  without  the  use  of  screens.  The ,spectrum  of  this  light 
has four prominent bright lines, one in yellow, green, blue, and violet, respectively. 
The  wave-lengths  of  the  two  latter  colors  are:  blue,  43.59 X  IO  -6  cms.,  and 
violet,  40.47 X  IO  -e  cms.  Commercial  Seed's  plates  were  used,  and  they  were 
not  sensitized  for  the  yellow  and  green  lines  of  the  spectrum.  The  picture 
shows,  however, that both of the lines of  shorter wave-length affected the plate, 
one  more  than the  other. 
If two wave-lengths, Xl and ;~ are employed,  and the corresponding numbers 
of  the  bands  counting  from  an  infinite  distance  to  a  point,  P,  of  the  plate  be 
denoted  by  nl  and  n2  respectively,  we  have  from  (I), 
cosRx=~  and  cosR,=~e, 
from which we obtain the relation, when R1 =  R~ 
n 1  X~  ~-=~.  (8) 
In the case of  the mercury vapor lamp, using wave-lengths 43.59 and 40.47  cms., 
we  have, 
X2  -- I4 approximately.  ( 9 )  Xl= 1.O77  13  -- 
Hence, 
nt  I4  28  42  ~ =  i-~ =  ~  =  ~  =  0to.  (1o) 
The first dark band corresponding to n ~---o occurs  at  an  infinite distance for 
all  wave-lengths,  but  the  next  point  where  the  dark  bands  coincide  for  these THE  JOURNAL  OF  EXPERIMENTAL  MEDICINE  VOL.  XIV,  PLATE  33 
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particular wave-lengths is thirteen bands for the one and fourteen bands for the 
other,  counting from  an  infinite distance toward  the  center.  Succeeding coin- 
cidences  will occur at all multiples of  I3 and x4 until the center, O, is reached. 
At these points of coincidence of the dark bands, the picture should be sharp 
with  strong contrast,  but half  way  between these  positions the  blurred  effect 
should be most pronounced.  If the  actinic effect  of  the two  sources  upon the 
plate is very unequal, the  blurred region should be confined to  a  smaller area 
than it would be were the two sources equally intense.  The fact that this effect 
is confined to one or two bands shows that the two sources in the mercury vapor 
lamp have an unequal effect  upon the plate. 
A  complete explanation of all the points considered arising from 
the  interference of light between two glass plates,  as  seen in figure 
I,  has  thus  been  obtained  from  an  application of  the  very  simple 
formula  (I). 
EXPLANATION  OF  PLATE  33. 
FIG.  I.  A  photograph  of  light interference bands  obtained with  two  pieces 
of plate glass,  eight by ten inches,  and a  mercury vapor light, the plates  being 
observed by reflected light.  The areas A and B are each typical of those observed 
when two common pieces of glass are used.  Note that the bands appear indistinct 
at regular intervals of thirteen bands PI,  P~,  P,.  This is explained by the char- 
acter of the light and the kind of photographic plate used. 